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LONGITUDINAL STABILITY IN RELATION TO THE USE
OF AN AUTOMATIC PILOT

By Alexander Klemin, Perry A. Pepper, and Howard A. Wittner
SUMMARY

The effect of restraint in pitehing introduced by an
automatic »ilot upon the longitudinal stability of an air-
»lane has been studied. Customary simpnlifying assumptions
have been made in setting down the sgquations of motion and
the results of computations based on the gimplified sequa-
tions are presented to show the effect of an automatic pi-

lot installed in an airplane of known dimensions and char-

acteristics., The equations developed have been applied by

making calculations for a Clark biplane and a Fairchild ééi

rnonoplane.

INTRODUCTION

Few theoretical studies of the automatic pilot in re-
lation to the longitudinal stability of the airplane have

been published to date. 4 number of interegting questlons__

present themselves, of the following character:

1. What is the effect on the longitudinal dynamic
stablility of an airplane of the gyroscopic stabilizing el-
ement, introduced by the gyroscopic automatic pilot?

2. What modification of the longitudinal static sta-
bility is permissible when the gyroscopic stablllzlng ele~
ment is introduced? -

3. How is the motion of the airplane in various types

of gust affected by the introduction of a gyroscopic sto-
biliging element?

4. Eow may the action of an automatic pllot be repre~_r_

sented mathenmatically?

5, What is the effect of a lag in the action of the

1
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automatic pillot, go that the perfect gyroscopic stabllizing
element is not available? -

6. TWhat is the imvortance of the fact that, when an
alrplane runs into a vertical gust, some time passes before
the tall gurfaces are asubjected o the influence of the
gust? : S

An attempt has been made in the present invegtigation
to angwer thege questionsg by calculations applied rather
fully to the Clark biplane treated in reference 1 and by
preliminary calculations applied to the Fairchild 22 air-
plane.

The equations of motlion have been presented 1n their
gimplest form, with & number of factors eliminated, to
avold intolerable complexity of calculation and to make
the effect of the introduction of the automatic pilot morse
clearly evident.

I. EQUATIONS OF MOTION WITH A GYROSCOPIC

STABILIZING FACTOR

The following equations are baged on the system of
axeg used by the N.A.C.A. and the symbols have thelr usual
gsignificance, except for My, My, Mq, and Mg. In this re-~
vort thess symbols are defined as

ey = 55/

etec.,, but can be converted to standard form by dividing by

kY 2-

If all derivatives are referred to unit mass of the
alrplane and My 1is congldered to be zero, the determil-
nantal equatlon for horigontal motion becomes:

- 3 D - % -~ UD|=0 (I-1)
n w o]

0 - My K5 - ¥yD

Y
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If a motion in pitch away from the horizontal intro-
duces a stabilizing factor Mg, the equation of angular
motion Dbecomes - :

2 d%e

— = w + M
?/,dt? T

ae .,
== + Mgb
a 4a% ©

so that the dsterminantal equation is now

D - Xy - Xy 8
0 - Y, Kz D® - MqD - Mg (I-2)

Equation (I-1) may be written as

AN+ BN + O + DA+ E =0 (I-3)
whers
.A.=K:Ba -
2 2 .
B = - (XuKp~ + ZgKp + Mq)
C = XyMg + XyZ4Kp® - XZyKp® + SgMg ~ MpUg _
D = KuMyUy = XyBylg + EglyMg
B = ZyuMyg ' - ' o

Equation (I-2) may be written as

AW 2 B 2 0% 4 DA+ E' =0 - (I-4)
where .
A' = &
B! = B '
C! = C - Mg
D! = D + Mg(Xy + Zy)
Bt =

E o+ Mg(X 2, - X,2.)
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Dorivatives for the Clark Biplane

Because of the completeness cof the information avail-
able and because only the general effect of the introduc—
tion of the factor Mg is to be investigated, the Clark
biplane of reference 1 has been selected for experimental
calculations.,. The main characterigtics and derivatives of
this airplane are as follows:

Wing area + + « + ¢« & 4 & &« « « & + . 464 sq. ftf
Span (maximum) . . « .+« .« « + .+ e . . 41 f%.
Stabilizer area e e e e e e 16.1 sq. ft.
Elevator arsea e e e e e e 16.0 sq. ft.
Tail length = . . . . . « . . . . . 24,5 ft.
Weight . . &« + &« v ¢« « « « + « « . 1,805 1d.

Radlug of gyretion in pitech . . . . 4,65 f%.

Adr speed . . . . « . v 4 v e e . 76.9 m.p.h.
Ug  « « « v« s v 4 e e 4 4 e . .. 1ll2.5 f.p.s.
Wing setting . . . + . « « « 4 4 0°

g o ' . e . . . « =0,158

Xy . . . . e « 0.356

2y e e ¢ . .. e » =0.57

2y e s e . . t e s e s . =D5,62

My o & 0 @ . o o e e . A
e - o

Mq ot e 4 s e e 4w s e . e . . =192,0

When the values of the gtabllity-derivatives are ine-
serted in egquation (I-3), there is obtained
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A = 21.62 ﬁ_
B = 316.9204

0 =1,492.9608
D = 266.3290
E o= 58,7328

so that

A' = 21,62 __

3' = 316.9204 __

C' = 1,492.9608 = Mg

D' = 266.3200 ~ 5.778 Mg

E!' = 58.7328 ~ 1.0909 Mg

Table I-l gives the digcriminant for various values
of Mg, whlch, as will be shown later,

with an appropriately gezred automatic pilot.

are attalnable

TABLE I-1

-

Me= 0:21.622\* + 316,920433 + 1492.960823
~ Mg= -180:21l.62)\% + 316,S204A3 + 1672.9808N
Mg= -360 1 21.62\* + 316.52047% + 1852,96087°
Mg= =720 :21.62\* + 316.92047\% 4+ 2212,960873

¥p=-1080 : 21.62\* + 316,9204A% + 2572.9608A°

-+
-+
-+
+
+
-+

Expressions for the Discriminant with Varying Values of Mg

266.3290N + 58,7328
1706.3690N + 255.0012
2346.4090\ + 451,4496
4426,4890\ + B844.1664
6506.5690A + 1236.8832
12746.8090N + 2415.0336

Mg=-2160 :21,62\* + 316.9204A> + 3652.9608)

Variation of Routh's Discriminant with g

For the bliguadratic equation

AN + BN + 02 + DA+ E

0

Routh's discriminant, whose magnitude is a rouzh measure

of tue stadbility, is
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R = BCD - AD ~ B E -

Routh's discriminant has been calculated for a number of
values of M . The results are given in table I-2

TABLE I-2
Mg Routh's discriminant | L .
0 118.6 X 10°

-180 612.0

-360 1,193.6 e

=720 2,596.0
-1,080 4,266.1
~2,160 10,960.0

The results of this calculation are also indicated
in figure 1. The introduction of My powerfully in-
creages Routh's discriminsnt.

Variation in Roots with Varying Values of Mg

Tho roots for varying values of Mg have been calcu-

lated by Graeffe's method, with subsequent improvement in
accuracy obtained by B. B. Wilson's method, and ths re-
sults arc given in table I-3. Times to damp to one-half
amplitude have also been calculated in the usual nanner as
well as the periods of osclllation in secondg,

As might be expected on physical grounds, the intro-
duction of Mg powerfully increases the dynamic stability.

As Mg 1increases, the period of tho short oscilla-
tion decreases, and thce damping time lengthens somewhat.
The long oscillation passes over into two aperiodic mo-
tions, which are powerfully danped. s

B e e
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TABLE I~3 o
(Time %o damp to one-| Period of N
Mg Roots half amplitude oscillation
| (sec.) (sec.) ]
o|=7-2410 £ 3.74143 | 0.0957 1.6794 E
-2.0834 £ ,1819i% v.8410 34.5420
-6,8847 £ 4,20851 0.1007 ' 1,4930 o
~180 -0.3160 2.19%5 -
-.5734 1,2088 . -
-6.5130 £ 4.683201 0.1064 1.3565
~360 -~0.2337 2.96580 -
-~1.3989 .49EB -
~5.8625 * 5,75381% D.x182 1.0920
720 ~0.2127 : 3.25¢e8 - -
~2.7209 . 2547 -
-5.3480 £ &.72701 0.1l296 0.9340
~1,080 -0.2062 3.3615 -
~3.7564 .1845 -~
~4.9235 £ 9.81911 0.1408 0.6399 -
-2,160 ~0.2008 3,4519 - o
-4,6108 .1503 ' ~

The Order of Magnitude of Mg

The order of magnitude of Mg may be conveniently

studied from the wind-tunnel tests of the B.E.C.-2 report-
ed in reference 2. This airplane is sufficiently similar
to the Clark biplane to serve as a basis for calculation. =

For & biplane modsl of 3.7-foot span, at an air speed
of 40 foet per second with elevator néutral, the following
pitching momonts were obtained: Co

Angle of attack. « Pitching momont, M )
(d-eg-) Gin.—l'b.) ) o

O '-01057 -

2 -, 154 Co -

4 -, 226 : - y

so that
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In the elevator tests, with zZero angle of attack, the
following values were obtained:

Blevator displacement, §g Pitehling woment, M
(deg.) (in.-1%.)
0 _ D.02
5 "'.49
so that—
CE. S = - 0.094
®q
egrees

If 1t 1is assumed that 1° digplacement in pibtech would
be followed by 3° displacement of. the elevator, the rat#s

oM oM  8(0.094) .
3B’ aa 0.053

so that a value of am/ae = 6(3M/d3a) 1is a practical possi-
bility.

Since

1 aM
Ue = §o ™ )

_ (a3 g
Mo = (56 /5a,) Uotw
= (3Y é&) 112.5) {~3.2
55 /aa ( ) )
_ (3% aM 3
= (55 / (-360)

so that Mg can be calculated for various values of the
aM// S : - - T

ratio

[ 4

18

|

il
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aH / ali Mg

«5 - =180
-360
-720

-1,080

-2,160

o O

ITI, SIMULTANEBOUS VARIATIONS IX THE STATIC STABILITY
AND THE GYROSCOPIC STABILIZING FACTOR
Calculations for the Clark RBiplane
By obvious manipulations, the constant for the biguad-

ratic-of the Clark biplane, at zero angle of attack, can
be written in the form :

A= 21.62 S T/
B = 316.9204

C = 1,132 - 112.5 My - Mg. .. S L
D= 209.2 - 17.78 My - 5.778 Mg

E =" -18.50 My - 1.09 Mg .

In order to obtain a reply to the question "What modi-
fication of the longitwudinal static stability is permissi-
ble when the gyroscopic stabilizing element is inﬁroduced?“
a number of calculations have been made in which hoth ¥y
and Mg were varied and the results are shown in tadle
II-1. Values of these constants and for Routh's discrimi-
nant are given for Mg= 0, -540, -1.080, and -2,160, with
My successively given the values O, -0.8, ~-1.6, -2.4, =-3.2,

~4.8, and -8.4. In table II-2 periods and times to damp
to one~half amplitude have been calculated for representa-—
tive combinations; P, 1is the pericd of the short oscilla-

tion and T, is the time to damp to one-half amplitude of
the short oscillation. Likewisge T1a and le are the

times to damp to one-half amplitude of the twe aperiodic
motions replacing the short oscillation. For the long os-
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cillation, P; represents the period and T, the time

to damp %o one~half amplitude. Then T, and T, are the
times to damp to one-~half amplltude of the two aperiodic
motiong replacing the short oscillation. Figure 2 gives
8 plot of Routh's discriminant for the same representa-
tive cases.

From these calculations and chartg, 1t would appear
that, once a large value of Mg has boen introduced into

the eguationg of motion, i1t would be a matter of indiffer-
ence whether the static stadbility is double the normal
value or reduced to zero.

TABLE II-1
Values of Routh'!s Discriminant for Changes in M; and Mg
My | A | B cl| Dz BCD AD® B2E Routh's
discriminant
Mg=0_— —
0 (21.62{317(1132| 209| 0| 75.1x10°/0.94x10°] O 74.16x10°
~-.8{21.62{317 1222 | 223 15| 87.3 1.08 1.50X108| 84.72
-1.6{21.62(317|1312| 237| 20| 98.8 1.21 3.02 94,37
-2.4|21.62|317]1402 | 258} 44]112.0 1.38 4,43 106.19
-3.2(21.62{317]1452 | 266] 59 |126.8 1,53 5.94 118.33
~-4,8|21.62|317)1672] 284 89/152.0 1.75 8.96 141.29
-6.4|21.62|317|1852 [C®13]115|184.0 2,13 11.99 = |169.88
Mg = -540 |
0 |21,62{317]|1672|3329|589|17.65x10%]2,40X00°%] 5.92X107] 14.56X0°
-.8(21.62(317 (1762 (3343 |604]|18.71 2.42 6,06 15.68
~1.6121,62]|317(1852 (2357|619 (19.70 2.44 6,22 16,64
-2.4{21, 62317 |1942 |3372 | 633 |20.80 2.47 6.36 17,68
-3.2|21,62{317 2032 |3386|648|21.85 2.49 .| 6.51 18,71
-4,8]21.62]317|2212 3414 678123.93 2.54 B4 81 20.71
~6.4/21.62|317 |2392|3442]708]26,10 2.58 7,11 22.81

i

i
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TABLE II-1-Continued
M,| &4 | B¢ | D|=® BCD AD® EE _Routh's
. discriminant
Mg = -1080
0 |21.82|317(2212] 6450|1178] 45.23x10% 8.99x10% 11.84X107! 25.06x10°
-v8|21.82{317|2302| 6464|1193| 47.17 9.03 11.99 36.94
-1,6|21.62|317|2392] 6478}1208] 45.12 9.07 12,14 38.84
2.4/ 21,62|317|2482| 6493|1222 51.09 9,11 12,28 40,65 -
-3.2|21,62|317|2572] 6507|1237| 53.05 9,15 12,43 42,66
-4,8/21,62| 317|2752| 6535|1267] 57.01 9,23 12.73 46,51
~6.4|21, 62| 317|2932| 6564|1297 61.15 9.32 13,03 50.53
Me = —2160 B B _—‘
0 |21.62{217|7292|12669|2350|122.4x107 34.7 x 10°%{ 236.,1x10°]| 95.34x0°
-.8{21.62{317|3282 112683 |2365|136.0 34.8 238,0 98,82
~1.6[21,62|317|3472|12697|2380!139.5 34.9 239.5 102.20
-2.4[21,62|317|3562|12712|2394{143.2 35,0 241.0 105.79
-3.2|21,62|317|3652 127262409 | 147.2 35,2 242.0 109. 60
-4,8/21.62|317|2832|12754|24391155.0 35.3 245.0 117.25
-6,4{21,62{317| 401212763 |2469|153.6 35.4 24€.0 125,72
TABLE II-2 o -
Periods P and Times to Damp to One-Half Amplitude, T L
Mg M B T, Pa Taa Tap
(gec.) (sec.) (sec.) (sec.) (sec.) R
~o160 | O 0.775 0.1g8 - 0.097 3.45
5.4 L 617 .134 - .1865 3,45
o) 1.210 0.176 - 0.104 3 .45
1089 | ~6.4 | .732 .118 - . 246 3.45
540 0 2,040 0.124 - 0.206 3,45
~6.4 .938 L1086 - LA36 %.48
Tla le
0 - 0.077 | 126 - 3.630 -
o | -8.2 | 1.679 0.0957 34.542 | 7.841 -
-6.4 | 1.130 .095 | = 26.1 7.680 -
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Calculations for the Fairchild 22 Airplane

The calculations made on the Clark biplane in hori-
zontal flight have been repeated for the Fairchild 22
high~wing monoplane, a more modern airplane of somewhat N
higher loading. In these calculationsg a horizontal glide,
power off, has becn considered,

. The maln characteristics and derivatives of tho Fair-
child 22 alrplano are ag followss

Wing area . . . v + « v « & 4 o« « « o « « 171 sq. ft.
SPan . . . v h e e e e e e e e e e 32,83 %,
Stabillizer area . . ¢« . o v o « « o« & . . 15.8 8. ft.
Elevator area . « . . + + v v o o w o o . 10.4 sq. ft.
Taill length . .+ . . . + .+ + v « « « « . . 14.89 f£%.
Welght .. . « + « . . « +« . « . . « « . 1,600 1b.
Radius of gyration in piteh ~ . . . . . . 4.41 f%.

Alr speed .. . . v . v v e e e e e e e s %90.7 m.p.h.
Uo e e e e e e e e e e e e e e e .. o133, Hp.s.
Wing setting . . . . + « + 4 ¢« o ¢ v 7 -1°

Xu e v e s s e e e v e e s e e e e s -0.0834

Xy o v e e e e e e e e e e e e 0.2290

2y 6 v e e e e e e e e e e e e e e -0.4830

By v e e e e e e e e e e e e e e e .. —2.4850

Mu 5 v b & a e s e e e e e e e e a e . o o
Mg o o o v e e d e e s e e e e e e e -2.1300

IVi 3 ” hd . * . . . L] . . . . ] L3 . . . . * "64-0

When these derivatives are inserted in equation (I-1),
the expressions for the constants in equation (I-3) become:
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A= 19,860 -

B = 114.40 _—

C = 170.38 - 133.0 M_ - Mg

D= 20.38 - 16.57 My = 2,57 Mg

E = - 15.77 M_ - 0.318 Mg = - - -
or

A = 19.60 . —

B = 51.40 - My

C = 6,28 - 2.57 M, - 133.00 N, - Mg o .

D = ~ 0.32 My - 16.57 M - 2.57 Mg

E = -~ 15.77 ¥, - 0.318 Mg S

y and Mg.- The effects
of variations in My and Mg are illustrated 1in tadles =
II-3 and II~4 and in the curves of figures 3, 4, and 5.

Effects of variations in ¥

The results of the calculations shown in tadble II-3
and figure 3 have the same general character as the results
of similar calculations for the Clark biplane. As Mg

increasos from zero to a value of -270, the long ogcilla-
tion is replaced by two rapidly damped aperiodic notions,
At the same time, the period of the short oscillation be-
comes more rapid and the time to damp to one~half ampli- o
tude lengthons somewhat. The Routh's discriminant 1ncroas~ -
es to relatively enormous values as Mg incroases. -

There are very clear lesesons to be derived from tabdble
II-4 and figures 4 and 5. When M, is given zero value,
the veriod of the short oscillation, becomes unduly long and
the long oscillation passes over into two real roots, one =
of which is zero and the other is of small negative value
so that denmping is small. But with H; = 0 &and even a o
noderate value of Mg, +the periods and the damping timecs L

become. satisfactory, and tho Routh’s discriminant becomes
onormous in value. At other valués of M., it is the
valuce of Mg that has the prodominating effect.
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TABLE II-3
Periods and Damping Times for F-22 Airplane; My = -~ 2,13
(original value)
Short oscillatim| Long oscillation
Times to Times to
Mo Period damp to Period damp to Routh'ts
(sec.) one-half (sec.) oné-half digeriminant
‘Y lamplitude * amplitude
(sec.) (sec.)
0| 1.66 | 0.241 22,5 |12.52 - 2.%85 x 10°€
2701 1,26 . 299 - .673 3,54 49 .44
~540| 1,03 337 - 433 | 4.40 120.60
-1080 . 817 .72 - .348 | £.60 335 .06
~2160 577 394 - 314 | 4.93 | 1049.57
It would appear that the value of M, that-is, the
magnitude of the static longitudinal stability, 1s inma-

terial as long as a gyroscopic stabilizing element can be
introduced.

TABLE 1I-4
Periods and Damping Times for F-22 Airplane
Short oscillation| Long oscillation
Times to Times to
damp to damp to—
M i 1
o thw ?:Zc?g one-half™ f::i?? one-half digzgzgi;ant
amplitude amplitude
(sec.) (sec.)
0 14.00 | 0.241 - - |5,31 0.388 X 10°
0 -2.18 1.66 241 22.50 112.52 - 2,385
—4.26 1-18 -240 21.00 11051 - 69&9
0 1.40 0.556 - 0.214[5.52 73.25
-540 -2 .13 1.03 237 - a3314,40 120. 60
"‘4.26 Q863 n303 A -&7 3063 169.97
0 0,935 0.465 - 0.25115.52 242 .50
~1080 -2.13 817 372 - .34814,60 | 335.06-
"4326 ‘714 0856 - '435 4136 428.&
0 0.622 | 0.441 - 0.268]5.52 | 866,00
-2160 -2, 13 577 «394. - «314(4,93 | 1049,.57
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Effects of variations in M; and M, with a constant
value of Mg.- The interesting result that emerges from the
calculations shown in tadble II-5 and in figure 6 is that

the Routh's digcriminant and the roots of the equaftions
remain satisfactory with a moderate value of My even T

when My = 0, oprovided $that Mg = - 2,160. Only when both
M, and Mq are zero, does instability appsar and even

then the unstable notion takes 9.85 seconds to double in
anplitude.

The prelinminary conclusion is that, with the aid of a
gyroscoplic stabilizing element, both the static stadbility
and the damping monent might be considerably reduced. h

0f courge, if danping noment were consideradbly reduced
by appreciably shortening the %ail arm, there would be dif-~
ficulty in obtaining high values of Mg. '

Hevertheless, & most intersstirg progpect of investi-
gation and developnent appears to lie open, tending to de-
signs in which the length of the fuselagé would be consid~
erably shortened. If full advantage were also taken of
the possibllity of decreasing the moment of inertia about
the transverse axis, so that longitudinal restoring or
controlling nmoments could be reduced, there would be an av-
enue of approach to the tailless flying~wing type of air-
craft. T T e -

TABLE II-5
Periods and Damping Tines for F-22 Airplane
Short oscillation Long oscillation
Times to Times to
damp to damp to '
He | MM I(D:ioc)} one—half %:Zioc)l one-half diiggiii:ant
*7 | amplitude */| emplitude
(sec.) (sec.)
~-64{0.577 | 0.394 - |0.314 4.93)1049.57 x 10°
-2160|~-2.13|-32| .576 <759 - 308 4,93 549.11
0 .574 7340 - .308 4.93 76.17
-6410,601 0.416 - 0,289 5.11| 958.8
-2160 |-1.06]-32| .596 .828 - .2F8 £.11| 483.2
0 +595 46,000 - 287 5.11 38.21
. -6410.622 0.441 - 0.268 5.52| 866.00
-2160}) O =33 | 617 «927 - .248 5,65 419.34
0 «616 89,85 - 248 5.65 «25

8Real part was positive,
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IIT. MOTIONW IN A SHARP VERTICAL GUST WITH ANWD
TITHEOUT THE INTRODUCTION OF A GYROSCOPIC
. STABILIZING FACTOR
Mathematical Statement

The motion following a sharp upward vertical gust, of
nagnitude w (where w is positive), 1s given by

o] o]
(D = Xylu ~ X,w + g9 = Xgw, )
- Zyu o+ (D - ZW)W - UODG = ZWWO (III-1)
0 - Mow + (k5%p% - i1,0)8 = Mw,

The equations assume that the line of action of the gust
is along the Z axils.

Let
D= Xy ~ Ly
- 2y D - Z, - U, D | = F(D)
I 0 - Uy Kp®D% - M D

The synbolic solutions for the three varlables then be-~
cone: ’

; )
Xy - Xy g
L = Wy dyy D = Zy : ~ UpD
My - Uy K" D% ~ MD
F(D) '
D~ Xy Xy g
Vo= Wy Zy 2y - UOD r (III-2)
0 Uy Kp2D® - M.D
F(D)
D = Xy = Xy a0l
9 = w, - %y D - 2y 2y
0 - U,




The total acceleration alaong the 072 axis is

The &ctuanl velocity in . space along the 02 axis

glven by

Heavigide identity

N.A.0.A. Technical Note No. 666

Dy -~ UODG

D ~ Xy
0 X5°D% - 1D
F(D)

The actual solutions may be ebtained from .the
£(D) _ £00) , v __f{A) b
F(D) ~ F(O) XN AFI{A).

modified

(1115)

17

(III-4)

whose numerical evaluation has now been dealt with in many

publications.

When the gyroscopic stabilizing factor Mg _ié intro-_:

(See references 3 and 4.)

duced, the symbolic solutions assume the form:

U = Wy

with similar expressions for

Xy iy g
. Zgr U,D
My Uy K5°D® ~ MgD - Hg
D -« Xy Xy g
- Zy Ty UyD
0 M, Kg®D® - M D ~ Ug
w and 0.

Hotion in.

Solutions of the Equations of Motion

W.- Solutions of the equations of motion

are given in tables III-1l, III~2, III-3, III-4, IIT.5,” and’

II1I-6,



TABLE III-1

®
Solutions for w/wo
M Constant ] .
6 |- t Long oscillation Short oseillation
erm
~0,0884t -7.2410t
0} -1.0000-0,0281e cos(0.1819t ~ 1,4551) | 1.034% cos(3.7414t - 0.4137)
S5lowly Rapidly
damped damped
exponential “exponential -
~0.3160 -0.5734t -6.8847t [S
180 | ~1.0000| -0.0608s >t | 0.1055¢ 97936 cos(4.2085t ~ 0.2373) -
360 | ~1.0000] -.p148e 0 R | 153g,1-3989t .8e98e 0 180 oo (4 6320t - 0.0808) >
_ ] . o
720 | ~1.0000| -.0110e"0-F127t | zgzgy o7t .6496e 0 S5 (5, 7536t + 0.2599) 3
: ' | 0
) . ] i e ~ - . - ng t b‘
~1080 | ~1.0d000| -.00756 0ROt | gepg0- TOBAL 45786 >+ 480% o (6.7270t + 0.4092) 5
. Q
-2160| ~1.0p00| -.0079e 0+7008% | gzg5emd. 6108 19326438t 09,8191 + 0.5076) e,
=
@]
TABLE ITI-2 o
_ Solutions for u/wo =
Mg C"f;‘:f_;nt Long oscillation Short oscillgtion $
2]
-0.0804t ~7.2410t
o] - 0.3810e cos(0.16819t - 1,4862) [ -0.0356e cos(3,7414t 4 0.4258)
Slcwly Rapidly
damped danmmped
exponential exponential
2160 - 0.0758e 22008 | 5 0mpze4-B108E | 4 oozme™+9280t L og(9.81018 ~ 0.7477)
A . \ x L | |1 | - = e
M EREI) N PE] EEEEImY HE N e S LS E S —
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Table III-1 gives the motion in w (i.e., along the
0Z axis) for varying values of Mg. TVWhen the ~airplanes en-

counters the sharp vertical gust w,, directed vertically o

upward or, rather, negatively along the 02 axis, the sum
of all the terms evidently represents the actual motion in
space. If the congtant term is eliminated, the rest of the
solutlion repregents the motion relative to the upwardly
directed flow of air, As already indicated in section I,
the introduction of Mg splits up the long oscillation

into two exponential terms, one slowly damped and the other
rapldly damped. Study of table III-1 indicates that, as
Mg 1is increased progressively:

1. The short oscillation becomes lesg rapldly
damped, but the amplitude of this oscillation dimin-
ishes.

2. The slowly damped exponential term becomes

progressively less damped, dut its amplitude becomes
more and more linsignificantd. o

3., The rapidly danped eoxponential increases in
amnplitude, but its danping steadily increages.

If the airplane does entor a region where there is a
steady vertical motion of air, then thce sooner it adjusts
itself to this condition and the sooner the "residual' no-
tlon disappears, the better. The conclusion is therefors
that increasing values of Mg progressively improve the
notlon in w. ' ST T T

This conclusion is strengthened by a ponsideratlon of
the curves of figure 7 wvhere the residual motion Ix w/w,

is plotted against time: for the extrenme cases considered,
Mg = 0 and Mg = - 2,160. At & = 0, the residual veloc—
ity w/w, = 1 in both cases, of course, but the negative
values of w/w0 that appear after a second or so are very
nuch smaller in the case of the large value of Mg and the
notion as a whole disappears quite rapidly. -

Hotion in wu.—~ Results of calculations of the extireme
cases for motion in w are tabulated in table 1II-2, As
might be expected on physical grounds, no consbtant term is
rresent in the solutions of the equations of motion. As
in tho case of notion in 1w, the long oscillation splits
up into a slowly danmped and a rapidly danmped exponential
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term when the large valus of Mg 1is introduced. The short -

ogecillation remains but has a consgiderably shorter period
and less damping, Jjust as 1n the case of motion 1iIn w.

The value of the constants being so small in all terms, it
i1s clear that the amplitude of the motion in u is great-
ly roeduced by the introduction of the gyroscopic stabiliz-
ing~factor.

Motion in 6§ .~ The improvement in the pitching moment i
is st1ll more marked, as indicated by the equations in .

table III-3 and the curves of figure 8, After a second or
g0, the motlon in 6 ©practically wvanishes.

Solution of the Equations of Acceleration
along the 0Z Axig

From the solutionsg of the equations of acceleration
along the 07 axig, a marked improvement 1g evident with
the resultant acceloration vanishing very rapldly, as is —
apparent from tables III-4, III-5, and III<6 and from .
figure 9. There ig similarlty in the effects produced on -
w, dw/dt, and Uy,q and hence on (dw/dt) = Usq. In
all these motions, the short oscillation remains with more -
rapld period, a trifle slower damping, dut lesser ampli-
tude. The long moderately damped oscillation splits up :
into two exponential terms: one is slowly damped but of -
very small amplitude; the other is of greater amplitude -
but very heavily damped. The reason for the improvement .
is apparent from the solutions for dw/dt and d46/ds. -
The values of dw/dt damp out very rapidly, and the val- .
ues of d8/dt are much smaller (as would be expected .
from the small values of H). Although the introduction
of the gyroscopilc stabilizer cannot posgsibly have an effect _
on the initial value of the acceleratiocon, which i1g depend-
ent only on the value of Zywy, . the virtual disappearance

of the pitching motion serves to eliminate the centrifugal
forcesg that subsequently form the larger component of the
acceleration,



TABLE III-3

Solutions for e/w0

ug |COpotant long oscillation Short oscillation
-0.0884% ~7.2410t
0 - -0.0224e cos{0.1819t - 0.4061)] 0.0049e ! cos(3,7414t - 1,0948)
Slowly Rapidly
damped damped i
expcnential exponential
-0,2008% - ~4,6108t ~4,9235t
-2160 -— 0.00001e ~(0.00150e 0.00154e cos(9.B8236t - 0.02B3)
TABLE III-4
y dw
Solutions for (EF - oq:V'o
Constant . ' & ;
Mg term Long oscillation Short osclllation
~0.0884% ~7.2410%
0 — -0.0477¢ cos(0.1819% ~ 1,4043)| -6,1235e cos8(3.7414t - 0.4117)
‘Slowly Repidly
dampsed demped
exporential - exponential
~0,2008% . ~4,6108t  ~4,9235%
~-2160 — 0.0012e ~-4,6734e -1,0864e cos(9.8191t + 0.5058)

-?loovcﬂ
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TABLE III-5

Solutions for g%/wo

Mg Goz:;;nt Long oscillation Short oscilletion
~(.0884% ~7.2410t
0 - ~-0.0057e cos(0.1819t - 0.3535) | -B.923% cos(3.7414t - 0,8907)
Slowly Rapidly
damped damped
exponantial e ;ponential
ks .2 —~Xa —2e 2
2160] - | 0.0016e 0" PP | 3 groge OBV | 3 12020795 [ og(a.m1018 - 0.5004)
TABLE III-6
Soluticns for qu/wo
Constank . .
Me ter: Long oscillation Short cscillation
-0.0¢ ~7.2410t
0 - 0.0450e Baét cos(0.1819t - 1.5133) —4.48B8e ? sin(3.74141 - 0.0000)
Slowly Repidly
damped damped -
expeneptial exponential
~0.2008t —4,6108% ~4,9235%
-21860 - ~-0.0003e 0.2008 0.7763e 6 ~1.8563e . cos(9.8191t - 1,1317)
‘ i ’: e | .- : * - . . } |
llll l ll 1 |1 | 18 I B I ™ ™= 1 Wy e

éc

YOV R
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IV. MOTION IN A DELAYED GUST WITHE AND WITHOUT

THE INTRODUCTION OF A GYROSCOPIC STABILIZING FACTOR

Calculations for motion in a delayed gust of the form
Wo (1l - e~t) have been carried out for only the two ex—

treme cases, Mg =0 and Mg = -~ 2,160. The solutions
are presented in %$ables IV-1 %to IV~4 and in the curves of

figures 10, 11, and 12. The results show tendencies simi-~

lar to those present under the action of the sharp gust.

1. With +the introduction of a large value of Mg,

the long ¢scillation again splits up into two exponentlals,
one slowly damped and one rapidly damped.

2. The motions in w and u are very much better in
the constrained airplane. -

3. The motion in 6 practically disappears on the
introduction of Mg . .

4, The maximum acceleration along the 0Z axis is
slightly smaller when Mg = 0. Without the introduction

of the gyroscopic stabilizing factor, the less congtrained

airplane _(Me = 0) has a tendency to head into the resullt-

ant wind and to relieve the acceleration. The difference
is so slight, however, as to be negligible, Subsequently,
the acceleration damps out very much better im the con-

strained airplane.



TABLE IV-1

Solutions for w/w,

n
N
Meﬂogzﬁ:’nt Exp::f';tial Long oscillation Short oscillation
0l -1.0000 | 1.1448¢~% |-0.0302¢70+0884% 411(0,1819t-0.0843)] -0.1508e 7 ROt oog(3, 7414440.1262)

Slowly Repidly
damped damped

exponential exponential o

-2160(-1.0000 | 1.24026~% |-0.00996 02008t | 5 2m05e~4 6108 | o 102,740 RE5 ;g 8191440, 1262) g

<

.

TABLE IV-2 5

Solutions for u/wo g‘

M =

Conetant | Exponential s . o

¥p berm term Long o¢scillation Short oscillation Im_l

- ~Q. ~7.2410% &

0 - 0.0428e & -0.3686e Q.0884¢ cos(0.1819t+1,44058) | 0.0047e 7.2410% cos(3,7414t-0,1470) :_

Slowly ‘Papidly @

damped damped g,'?'

exponential exponential -

i : o

- - >

2160 —  |-0.1161F | 0.0948e70F%08 | o 02186746108 | 5 0004649285t 404(9, 8191640,4638) >

» 1 v 3 ,‘ »
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TABIE IV-3

Soluatione for B/“o

Mg co:zz:nt Exp:2:$t131 Lang osclllation Short osecillation
o} 0.00000{ 0.0027¢™% | -0,00250 " 08B 0q(0,1819t-0.5880)| ~0.00076™7*2410% o0 (5 ma145-0,4657)
' Slowly Rapidly
damped damped
exponential exponential
-2160| 0.0000 |-0.0005862™"| 0,000015¢™“%%| 0. 0004296 ™+ 10 -0, 000426 ™4 F5Y 544(9. 151441, 1598)
' DABIE IV-4
Solutions for G;; - qu>/wo
¥p Go:zi;nt Exp:2§;t1al Long oscillation Short oscillation
of .~ |-0.8387e" | 0,04146”7°9884 (o0, 1m10t41.2503)| 0.8419¢ 7RO Lon(3. 7414t 0.1271)
Slowly Rapidly
damped damped
exponential expenential
2160| — |-1.28365" | 0.00156 02908t |1.29436™%+ 61088 | 5 1029074725t (0, 1914-1.4470)

99g °*OX 030K TWOTUHOOT 'V'O°V'N
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V. MOTION IN AN INFINITELY SHARP HEAD-ON GUST WITH
AND WITHOUT THE INTRODUCTION OF A
GYROSCOPIC STABILIZING FACTOR

Calculations have been made for the motion of the

same airplane, the Clark biplane, encountering an infinite-
ly sharp head-on gust of strength wu,. at t = 0.

(D = Xy)u - Xyw - + g6 = Xylp W
~Z uy + (D= Z)w = U,D 8 = Zyu, p (V=1)
0 - Myw + (k5°D% - MyD)O = O J

The introduction of the gyroscopic element modlfiesg
the pitching-motion equation %o ] o

0 - Mgw + (Kg°D% ~ M D - Mg)8 = 0

q

The solutiong for the motions in w, u, and 6, and
for the acceleration’ (dw/dt) - Ugq are given in terms

of wu, in tablesg V-1, V-2, V-3, and V-4 and in the curves
of figuree 13, 14, 15, and 16. In figure 14 the residual
motion In u is plotted, that is to say, with the con-
stant term wu, eliminated, because the interest is mainly

in knowing how quickly the airplane settles down to its
final velocity Uy —= ug- :



TABLE V-1

Solutions for w/u,
Constgnt .
ue torm Long oscillagtion Short osecillation
~0,0884t ~7e
0 - ~0,085%e cos({0.1819t 4+ 0.4296) | 0.077% 7.2410¢ cos(3.7414t + 0,0727)
Slowly Rapidly
damped demped
exponential exponentiel
- 02 "'"4:. 081: —i
—2160| -- | -0.1088e 0 PP | o 1075678 ~0,0101e~* 985 09,8191t ~ 1.5150)
TABLE V-2
Solutions for wufug
M Constant Long oscillation - ghort oﬁcillation
0 term
0[-1.00000 | 1.112580707 08846 L 00(0.1819t+0.4504) | -0.00254™ 240t ¢ oa (3. 7414440.9045)
Slowly Rapidly
damped damped
exponential exponential
—2160|-1,00000 | 1.00855¢ 02008t | o o1002e™% 5108 | 0,00017e 935 (o (9.B191440.3656)

"ON O30 TBOTUUSST "¥'OH'V'H
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TABLE V-3
Solutions for 6/,

o
o]
Mg Co?zi;nt Long oscillation Short oscillation
-0.0884t -7.2410t
o] — -0.00712e cos(0.1819t+1.5299) | ©.00035e cos(3.7414t-0,6081)
Slowly Rapidly
damped danped
exponential exponential =
.
b 02 "'4. 61 -4.923 -
2160 —_— 0.00016e 0.2008¢ -0.00020e 08Y . 00008 5t cos(9.8191t+1.0909) Q
- [
TABLE V-4 P
.. . gadw . g
Solutione for (cﬁ_ - qu)]uo B
Q
' o
Mg C°’:zf,;nt Long oscillation Short oscillation -
L2
~0,0884t ~7.2410t S
0 — -Q.16361e cos(0,1819t+0.5155) | ~0.43684e cos(3.745+0.0703) o
Siowly Rapidly | g
- demped demped '
' exponential expohential x
[92]
~0.2 -4, 6108t -4,9230% .
-3160: | — . | 0.02478e 0.2008t ~0.59844e 0.05680e cos(9.81911~1.5130)

! . " F ’ - N .
.. . .. il : I . , .o 1 )
—
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As noted in the previous sections, with the introduc-
tion of the gyroscopic stabilizing factor, the long os-~
ciliation passes over into two rapidly damped aperiodic
motions. The short oscillation has its period lengthened.
The amplitudes become very small in all cases. The im-~
provement in the motion due to the introduction of the e
gyrogscopic stabilizing factor is greater than is the case
with vertical gusts. This fact ig readily explaina®ble by
simple physical considerations., In the case of the ver-
tical gusts, in the first instants of the motion, it is a
drawback that the gyroscopic stabilizing factor tends to
maintain an invariable ettitude relative to the horizontal;
whereas, without the automatic pilot, the inherent stabilw-
i1ty tends to vary the angle of attack so as to reducée the
accelerating force along the normal axis. But in the case
of the head-on gust, the action of the automatic pilot isg
beneficial from the very first instant, as quite elemen-
tary considerations indicate. The incidencs of the gust
increases the 1ift and produces an upward motion that de-
creases the angle of attack. In an ordinary airplane thas o
action would be followed by a positive displacement in _
piteh, Such a positive displacemont is vigorously résist-
ed by the pilot, and hence the normal force and the ver~
tical accelerations are kept down to & minimum. This re-
sult is clearly indicated in figure 15. Indlrectiy all
other motions are improved. i

VI. MATHEMATICAL REPRESENTATION OF THE ACTION OF T

THE SPERRY AUTOMATIC PILOT o =

Simplified Description of the Sperry Automatic Pilot

Refereonce 5 gives a simplified, yet roliablo descr1p~ -
tion of the Sperry Automatic Pilot. o o o

The funcitioning of thig device can be followed by ref-
erence to figure 17, which may be taken as aPPlying fto ths
olevator control. The rectangular box irdicated in the up-
per part of the diamgram containsg the gyroscope and air
Tick~offs. When the automatic pilot ig operating the'Tox_
is under suction, produced by the suction pump Air, in-
dicated in figure 17 as entering through the bottom of the
box, drives the gyroscope by impinging on buckets on the
perlphery of the gyroscope rotor. The aXis TYY! of the
gyroscope may be considered as remaining truly vertical
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because of a mechanism incorporated in the instrument (dut
not shown in the diagram), which is designed to correct
any precesgional novenent of the gyrosgcope.

Ag shown in figure 18, when the ajirplane isg flying on
the desired flight path, both alr plck-offs are partly
open and pressure is equal on both sides of the alr-relay
diaphragn., When the airplane pitches, however, the air
pick-offg rotate with it, while the gyroscope axls retainsg
its vertical position in space. The relative angular nove-
nent between the air pick-offs and the gyroscope causes
one plck—~off to be more or less completely uncovered while
the other pick-off opening is blocked off-a liko anount.
The rosult of pitching the nose of the alrplane up ig illus-
trated diagrammatically in figure 17, where tha loft pick-
off 1ls shown fully open and the. right pick-off conmpletely
bloecked off.

Unegqual restrictions are thus imposed on the flow of
alr entering the air relay through the air inlets on cach
gslde of tho diaphragm and exhaugting into the gyroscope
chamber, resulting in a displacement of the diaphragm ow-
ing to the unequal pressure drop along tho two air paths.

The oil-relay valve, being mechaically connected to
the air-relay diaphragm, receives the same displacement as
the diaphragm, thereby admitting oil under pregsure to the
hydraulic servo=cylinder. The servo-cylinder pilston, as a
result, ig digplaced to the left. The piston rod, connect-
ed to the servo-cylinder piston, protrudes through both ends
of the cylinder and, for the case under consideration,
would be hooked into the elevator-control system in such a
manner that a movement of the piston to the left would do-
flect the elevator downward.

A speed~control valve Z is used to regulate the
speed of response of the plston in accordance with condi-
tions of gustiness. A pressure regulator P prevents the
speed of travel of the servo-cylinder piston from exceseding
a certain value,.

Al important element of tho gyropilot is the followe~
up system. The functlion of the follow-up is to insure
that the control movement will be proportional to the alr-
plane displacoment. It is clear that, without the follow-
up, any small displacemont of the airplane would cause the
elevator deflection to continue to increase until it
reached the naximum value, unless the airplane in the mean-
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tine had returned to the presassigned flight attitude. In
practice, this characterigtic would result in excesslve
control application, making the airplane overshoot when

returning to the desired flight path. Thus any slight dis-

turbance would cause a series of violent, rapidly diver-
gent, oscillations.

The follow-up system consists of a cable and pulley
arrangement attached to the servo-cylinder piston rod so

that the pulley S (fig. 17) on the gyroscope case is ro-—

tated in proportion to the displacement of the servo-—
cylinder piston, A%t the othor end of the shaft carrying
the pulley 8 is a worm and wheel sector T, which thus
rotates the air pick-off assembly in proportion to the

displacement of the gervo-cylinder piston. When the air-

plane receives a large disturbance in pitch, consideraETE__“f_“

displacement of the servo-cylinder piston can occur before
the air pick-offs are noutralized by means of the follow—
up system and further control displacement is prevented.
For small disturbances, however, little control deflection

will occur before the follow-up rotates the pick-offs dback

to neutral,

Information Supplied by the Sperry Gyroscope Corporation

In & communication received from H. Hugk Willis, Re-
search Laboratory of the Sperry Gyroscope Corporation,
the following informatlon has been supplied, which iIs il-
lustrated in figure 19. )

The angular motion of the airplane that occurs
before servo control starts varies from 10 to 20 min-
utes of a degree on commercial Gyropilots. Recently,
we have found in the larger airplanes a dead spot of
20 minutes of a degree provided better flying control
and we are preloading the balanced oil valve accord—
ingly. ZFor bombing, mapping, etc., we adjust air
gaps closer and obtain servo control for angular
changes of 6 and 7 minutes of a degree. This couses
continued hunting of the control at a frequency ap-
Proximately 250 cycles a minute. The amount of con-
trol 1s insufficient to affect the attitude of the _
airplane unless the airplane deviates more than 6 or
7 minutes of a degrec.

. The speed of servo control varies proportionately
with amount of deviation up to 2°. - The following o
curves show the Telation of angular change of attitude
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of the airplane with regard to the gyro and the re~
sultant servo speed,

The follow-—up system limites the amount of con-
trol per dogreo . change of attitude of the ajrplane
as Tollows?

For airplanes sénsitive to control, the follow-
up ratio is set to permit from 0.,25° to 0.8° elevator
movement per degree. change of attitude. Other alir-
Planes require up to 2° control per degree change of _
attitude. The average installation uses & 1:1 ratio.

A linear motion of the servo—plston of 1 inch
varies angular control motion from 4% to 15°

Further in actual flying the practice is to re-
strict servo spesd by %the servo-gpeed control valves
in the hydraulic system. In smooth air serve speeds
are limited to from 1 inch per second to 1 iach ger
5 gecondg effective on deviations greater than 2
In turbulent air, speeds are increased up to maximum,

Due to the famact that oil pressures are linmited
to permit the human pilot overpowerling the gyropllot .
in emergoncies there are times in very violent alr that
contrel load exceeds servo power and no control oc-
curs momentarily.

Other pertinent information received from the mnanu-
faecturer is:

1. The 1limit of the displacemsnt of the eleva-
tor by the piston is simply the usual stops on tha
control cable,

2. On return travel the curve of figure 19 also
appliesg. T

3. When the airplane has returned to the sgame
attitude as the gyro, the servo-piston 1§, of course,
at rest.

Digcussion of Mathematical Representation

There 1s reagon to believe that the curve of figure
19 is derived from laboratory experiments, while the state-~
ments "For airplanes sensitive to control, the follow—up __
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ratlo is set to permit from 0.25° to 0.8° elevator move-
ment per degree change of sttitude. Other airplanes re-
quire up to 2° control per degree change of attitude.!
are derived from experience in flight.

To give an exact mathematic al representation of the
action of the automatic pilot would offer insufferadle
difficulties, but a qualitative discussion may be of in-
terest and be sufficient for the purposes of this investi-
gation,

Let 8o, be angular displacement of the elevator.

time at which the air pick-off has been
sufficiently displaced for the automatlc
pilot %o come into play.

Then
t

R ]

. . o

Ge = / / 69 at . . i
3. ° _

t ) -
while g € Sl o

T 0t
3
8 = / / 8
5 “o

Algo, if R is the pick-off ratio, that is, the ratio

by which the displacement of the elevator hag to be mulfi-
plied Q#'in order to give the "backward" travel of the

alr pick-off and, if Gg ig the lag angle before the pilot

comes into play, then the servo~cylinder has a dlfferential
bressure acting on it as long as

t % t ]
_ L4 2 b ) 2
8 - eg - f/ 8 gt2 - Bg > R [ / 8g At
3 s \.t
when ,o © g .

t. At
//Gdt2~ R/ / ed.'bz
5 0 tg

— - P - —

the servo-cylinder ceases %to operate and the_ele#&tor, to
be displaced.

— e e - -
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It is therefores clear that, if R (the pick-off ra- .
tio) is always substantially gLeater than 6, the action .
of the elevator will be represented substantially by the

equation

R 69 = 8 - eg C =

Hence, it follows that the stabilizing action of the -
automatic pilot can be represented with fair approximation .
by the term Me(e ~ g ) -

From the information given, 1t would appear that 8,
is always a comnstant dut, in reality, the automatic pilot —
provides for adjustment to suit varying atmospheric condi-
tiong, with pigton acceleratlon greater under conditlons
of greater gustiness,

It may also be surmised that the action represented by _
the equation R 8g = 8 -~ B is assisted by other flight .
conditions. When a vertical gust, say, first strikes the : —
airplane, the angular accsleration is also at a maximum,
After the angular lag hag been overcome and before the el- —
evator has been displaced, the accoleration of the servo-
cylinder ghould also be at a maximum, Inasmuch as the
angular acceleration of the airplane diminishes under the
action of damping and elevator movements, the automatic
pilot now encountering a greater hinge moment from the -
digplaced elevator must also impose a lessenod accelera—
tion on the elevator.

Further congideration indicates that, when the air-
plane has received its maximum angular displacement so -
that g = 0, +the elevator must also have its maxinum dis-
placement, Again, when the airplane begins to return to
its normal position, there must again be a lag in the ac-
tion of the automatic pilot so that its action must now be
reprosented by the expression Mg(8 + Gg).

VII. MOTION IN A SHARP VERTICAL GUST WITH

LAG IN APPLICATION OF THE GYROSCOPIC STABILIZING FACTOR

The motion in a sharp vertical gust, when there is o .-
lag Gg in the action of the gyroscopic gtablilizing clew =
ment, can only be deternined by a number of calculations

of a discontinuous character. N
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If, at time + = 0, the airplane is struck by a sharp
upward gust of constant velocity w,, the equations of

?otion)are those previowly given in section III, equation
(III-1): : : T

.(D.— Xylu ~ X w ' + g 8 = Xgwo
~Zyu + (D~ Z)w - UDSE = Zywo (VIi-1)
0 ~ Myw + (k5°D% - .qD)e = Mywo

The motion represented by these equations continues o
until o certalin angular displacemont _eg is reacho& which

is equal to the angular lag of the autonatic pilot. The
value of E% is determined by the size of the gap in the

air pick-off (which isg of the order of 7! as o mininum)
and the conbdbined or equlivalent inertia of tho pilot. 1In
these calculations Gg is assumed to bo 0.5° , Which prob-

ably represents the maxinmum lag likely to be used for a —

snall alrplane. =

L4 e

(D = Xylu - X,w + g8 = Xgwo )
- Zyu + (D = Z_)w ~ UyDB = Zgwo & (VII-2)
0 - M_w + (¥5°D% - M D)6 = Mgwg
+ Mg (6 - 85)
e

The calculations for thse solutions of equations (VII-2),
in view of the calculations previously made in section III,
were nost conveniently made by splitting up the equatlons
into two parts:

(D - X,)u - X v + g9 = KW,
=~ Zyu + (D= Zy)w - UD 6 | = Zw, L (VII-3)
R + (x5°D% - MyD = Mg)6 = Mowg
and
(D - X)u - Xow + g 6 - . =.0
- 2Zyu + (D~ Z )w - UD B =0 (VII-4)

0 - Mow + (Kg®D® — M D - Mg)E = ~Me6,
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In figure 20, curve A is the solution in 6/w, of
equation (VII-<4) and curve B ig the solution in G/WO 0 b~

tained by adding the solutions of equations (VII-3) and
equations (VII-4) and so obtaining the solution af squaw
tions (VII-2), 1In figure 8, the displacement 6/w, in

radians per foot per second is plotted against time. LAs-
suning a wvalue of 30 feet per second for Vo and putting

8g = 0.5°, the value of &/w, becomes 0.00029. For the

motion in which Mg = 0, this value corresponds to a time
tg = 0,15 gecond, approximately.

After the lag has been overcoms, the motion may be
represented very closely by eguations (VII-2)., In these
equations the effoct of the initial velocitiesg Ugs Vgs

and dg at timo by = 0.15 second 1is neglectod, because

they aro so small, It is evidont that, owing to the lag,
the gyroscopic stablilizing factor i1s indeed represented by
the expression Mg(® -'eg), where 6, = 0.5/67.3 = 0.0087

radian. Here, as in previous sections, Mg = = 2,160,

Of course, %the motion repregented by curve B .of figure
20 or in equation (VII-2) does not continue indefinitely.
The motion continues until a maximum displacement in pitch
Bmax 1s obtained st which time ¢ = dB/dt = Q0 and *t =

by = 0.25 second. (In reality, the actual time at this

instant is by + t, = 0.25 + 0,15 = 0.40 second.)

At the instant when g = 0, the further displacement
of the elevator ceases and, on the return displacement of
the airplane, the action of the automatic pllot is repre-.
sented by the exvpression Me(e + Gg), owlng to the lag.

The reversal in lag in thesge calculationsg is taken as oc-
curring instantaneously, which is not strictly accurate.
To take accurate cognizance of the period of reversgal
would introduce overwhelming complexities, and no scrious
errors are introduced by this approximation because B8

in practice will, for an airplance of the size congldered, .
be considerably smaller than the 0.5° employcd in these
calculations. '

In order to allaw for the reversal in lag, the solu-
tion of the equations ' ' '
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(D -~ X )u -~ Xgw + g 8 - —= 0
~Zgun + (D = Z )w ~ UyD 6 =0 (VII=5) -
' 2.3 _
0 - MW + (EFDP = M D-M )6 = 2Mgl,

is undertaken.

The appropriate values for the solution of egquations =
(VII-5) are plotted in curve ¢ of figure 20. ' . o

If curve C is displaced to the right to time *t =
0.25 second and superimposed on curve B, the resultant mo-
tion shown in curve D is obtained. This curve gives ap-—
parently a constant value of e/wo = 0.00025. But it must
be remembered that, in the curves of figure 16, ¢t =0_ 1is,
in reality, 0.15 second and that e/wo =0 1is, in reality,
~0.00029. TWhen appropriate changes are introduced for these
initial conditions, the actual motion is that shown In fig=
ure 2L, in which the fictitious constant value disgppears.

Tadble VII-1 contains a sumdary of the pecritinent solu-
tions. A comparison of the curve of figure 9 with the
curve of figure 21 (with Mp introducod) shows that the
lag of the automatic pilot doos 3ot change the character
of the motion in 8 anpreciadbly. o

TABLE VII-1

For theo equations

(D - Xy)u = Xgw + g 0 _ =0 .

- Z,u o+ (D - Zy)w ~ U, D 8 =.p“m_
0 ~ My + (Ep®D% - MqD - Hg)8 = -Hgl, )
8/w, = =0.000256 - 0.0000360 C 29%8% L 4. 0000680 OO -
~4.9235% — =

+ 0.0002690 c0s(9.8191% — 0.3649)
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(D = Xy)u = Xgw + g8 =0

- Zyu + (D = Zg)w - U,D 8 =0

0 - Myw + (Eg®D® ~ M D - Mg) 0 = 2igQ,

~0.2008% -4 .6108%
0.000512 + 0.000072s ~0.0001268e

e/wo

-4 ,9235¢%
- 0.000538e cos(9.8191t ~ 0.3649)

VIII. MOTION IN A VERTICAL GUST WITH INTERVAL OF
TIME FOR THE GUST 70 REACH THE TAIL

SURFACES TAKEXN INTO ACCOURT

When an airplane passes into a region where there 1ls a
vertical gust, an interval of time elapses before the ver-
tical gust reaches the tail surfaces. The calculatlions of
this gection were made to agcertain the effect of this lag.

Elementary Theory of Gust Lag

If the airplane enters & region in which a steady
vertical gust of intensity w, exists, there is an inter~
val of time t = 1/U, (where .7 is the distanco from the
center of pregsure of the wing to the ceantvr of pressure
of the tail surfaces) during which tho tall surfaces are
not affected by the gust; the angle of attack of the tail
surfaces relative to the wing is therofore lessened by an
amount WO/UO. Thereby a stalling moment is introduced
which, referred to unit massg, may be represented by the

equation
ac 1
M, = 57.3 £y ® g, <E~L> To oy =
- o <E§E> L ( -
=573 50 % (55) ™ V3 (VIII~1)

where

1l
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p, density, 0.002378 slug/cu. f%.

m, mass of airplane, 56 slugs.

Sy, area of horizontal tail surfaces, 32.1 sg. ft.

1, distance between centers of pressure.

a.c
—& , 8lope of 1ift of tail surfaces, equal to 0.043
da /4 per degree. (This low value is due to the
low aspect ratio of the tall gsurfaces, &8DDPTOX=—
imately 1. 7?)
Vo = 30 f.p.s. ) o _
so that

My = 127.,0 ft.-1lb. per unit macss.

The interval of time + = 1/U, = 20/112.5 = 0.18 second.

Motion with Gust Lag Taken into Account Without the
Introduction of the Gyroscopie Stabilizing
Element

The motlon with gust lag taken into account is the
sum of the motions represented by the two sets of equa-
tlons

(D - X )u - Xgw + g 8 = Xgwo
- Zgu + (D= Z )w - UD 6 = Zow, (vIiii-2)
0 ~ Mow + (KgD® - M D)6 = Mow,’ B
for which solutions have already been obtained in section
ITII, and J—
(D - X)u - X_w + gb =0
- %, (D -~ ZW){T —UOD'e =0 - (VIII=3)
0 - M_w + (Ep°D° - ¥.D )6 = My

The motion in 6 without the vertical gust intervening

derived from equations (VIII-3) is given 'by curvé A of fig- .

ure 22.
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The motien in © due %o the gust w,, obtained from

the solution of equations (VIII-2) is given in curve B of
figure 22, _

The regultant motion due %o the gust w, and %o the

stalling moment My L1 indicated in curve C of figure 22.

It is interesting to note that, although the wvertical
gust produces a negative displacement in 6 (as might Dbe
expected since the statically stable airplane tends to
head down into the resultant wind), the stalling moment
naturally produces & positive displacement in pitch. The
initial disturbance of the airplane in pitch is therefore
less marked than when the vertical gust is ‘taken as act~
ing over the entire airplane.

Motion After the Effect of Gust Lag Has Vanighed
After the interval of 0.18 second, the vertical gust

embraces the entire ailrplane, gnd the ensuing motion must
be emlculated from the equations

~
(D=Xy Ju~Xw +g 9 = Lgwo+Dug !
- - - = . fee ~
o% *+(D=Z_)w-UD 8 = Z_w_ +Dw_ '=-U D6 ! >(VIII~4)
2 2 8
0 =Mgw  +(Kg T =M D)0 = Mw +Xg I° 08, '~M D6,
+Kg% Dq, !
B 0 J o
wherse
u,', is the velocity along the 0X axis at t = 0.18
and ugy!'/w, = 0,0330. '
w,!, velocity along the 0Z axis at % = 0.18 and
Wo ’/Wo = 005720. - i
8,', angular digplacemént in pitch at + = 0,18
and 6,'/w = 0.00025. :
qo', pltehing angular velocity at % =_O;18 and
qo'/wo = Q.0057.
The calculation is continued by introducing wug!, w,', 6,7,

and qo’ as initial values.
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In order to solve equations (VIII-4), it is conven-
ient to separate them into the eguations

(D - Xu)u - X_w + g 6, = XoWy
-2y + (D~32)w-TDB = Zaw,
0 - Mow + (Xg?D% ~ U D) = Myw,

for which solutions are already availabdls from section III
and the followilng equatlons, which gllow for the initial
conditions: ;

\
Dug, !

(D-Xy ) u-Xw +g 8

~Zy0 + (D=Zy)w=U,D 6

1l

o}

2 ana
0 ~Myw +(Eg D =M D)8 = Kg D° €, =¥ D6, !

a
+KB DQ_O !

The solution in 6 from equations (VIII-5) is

-7.241%

8/w, = - 0.00256e cos(3,7414t ~ 0,8185)

+ 0.00234e cos(0.1819%-0.5441) (VIlI~6)

The complete motion, including that indicated in curve
G of figure 22 and the subsequent motion obtained by the ~
solution of equation (VIII-4), is shown in figure 23. The
curve has been plotted only up to the time + = 3.0 seconds
from the initial instant when the vertical gust. first
gtruck the airplane.

It is interesting to compare the motion in € of fig-
ure 19 with that indicated in figure 8. When the upwaTd
vertical gust is taken as striking the entire alrplane in-

Dw, ! ~UDE ' | (VIII-5)

stantaneougly, the maximum angular disturbance is g° negau

tlve one., When the delay in reaching the tail surfaces is

taken into account, the maximum angular disturbance Is a
positive onse, although it is much smaller numerically than
when the delay is neglected.

From this result, it is inferred thatb:
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l. The vertical acceleration is certain to be great- .
er when the gust lag is taken 1into account, because the
angie of attack of the main wings 1s actually increased by
the action of the gust. ' o T N

2« It has been sufficiently demonstrated by pPrevi-
ous sectlons that the action of the gyroscopic stabilizing
element is always to reduce the angular disturbance., Be-
cauge there is a greater angular disturbance with this
type of gust lag, the automatic stabilizer should be even
more valuable under such circumstances,

CONCLUSICONS

Owing to the complexity of the subject, the present -
investigation can only be regarded as a preliminary one. )
Also the investigation suffers from the fact that calcula- L
tiong have been reostricted substantially to one airplane. . S
Nevertheless, a method of approach has Deen estadblighed,
and certain tentatlve conclusionsg may be set downe.

l. The introduction of a gyroscopic stabilizing ele~ -
ment is, in general, a most powerful method of increasing :
the etabllity of an airplanse.

2. The introductien of & gyroscopic stabllizing ele-—
ment has a slightly detrimental effect on the short oscil- : -
latign, whose period becomes more rapid and whose damping —
time increases. In an ultrasimplified conception of the -
shert oscillation, velocity along the X axis may be con-
sidered to remain constant. With this assumption the air-
plane may be imagined as running into o reglon in which a .
vertical upward current exists, Immediately the airplane -
tends to rise owing to the increased angle of attack but B
tends at the spne time to nose down into the relative wind.

Algo, as the airplane tends to rise, the relative angle of

attack again diminishes. Therefore tho initial excesgs of

lift does not exist vory leng, and the motion is rapidly

damped, When, however, the gyroscopi¢ stabllizing element

ls introduced, 1t tends to oppose the nosing down inbto the

relative wind, so that the initial excess 1ift is somewhat

greator than with the naturally stable airplane. Thisg eX— -
planation gives in rough and simplified fashion the detri- -
nental effect on the short osecillation. At the game time L
every calculation presented in this report indicates that

the effect of the gyroscopic stabilizing element on the

short oscillation is not serious. .
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3, The long oscillation may be very roughly consid-

ered in the light of Lanchester's treatment of the phugoid.

The airplane of natural inherent stability is supposed to
nose down immediately into the relative wind and hence %o

have no ekxcess 1ift., It therefore moves downward acquir-

ing excess velocity and excess 1ift, until the excess 1lif}
gives it an upward velocity in excess of the upward velac—
1ty of the gust. But this motion takes an appreciadls
time; and the osecillation therefore has a slow period and
slow damping. When, however, the gyroscopic stabilizing
element is introduced, the travel along a downwardly in-
clined path is soon checked the attitude to the horizon-

tal remains almost unchanged and the excesg 1ift soon dis-

appears; the airplane assumes the steady nmetion of the up-
ward current of alr, with rapid disappearance of the dis-
turbance. This discussion is oversimplified but explains
the replacement of the long oscillation Py two well-damped
aperiodic motions, as always indicated in the calculations
of this reporst,

4. When the coefficients O, D, E of the biguadratic

squation are studied in detail, it is seen that the effect
of the introduction of Mg overshadows the sffect of M.
It may almost be .said that it is immaterial what the valus
of M, may be, provided that a realizable value of MG

is introduced into the airplane.

5. When, as for the Fairchild 22 airplane, the vale
ues of M, are variled, it is seen that My again over—

shadows the effect of M, and, with considerably reduced
values of Mq, it is again possidle to secure satisfac-

tory values of periods and damping times by the use of Mj.

6. ZEven when M., and M are simultaneously re-

duced, Me Proves a cure~all.

7. It follows therefore that, if an adequate gyro-
scoplc stabilizing element is 1nuroduced the airplane de-—
signer need have mueh less worry regarding longitudibal
static stability or damping. Interesting departures from _
classical airplane design are thus in prospect with the
use of the automatic pilot. Of course, conservative air-
Plane designers will not at once abandon their effords to
socure linherent longitudinal stability: nevertheless,
their thoughts ought well be turned in this direction



44 N.A.C.A. Technical Note XNo. 666I

8., 'Thon the actual motion of the alrplane i1g studied
with the introduction of the gyroscopic stabilizing ole-
nent, it is secn that the inprovement in motlon night be
prrodicted from tho _gtudy of the blguadratic equation and
its rootsg. Such an inprovement is found to occur in every
type of disturdbance sgtudied; sudden vertical gust, delayed
vertical gust, sudden head-on gust. It ig in the decreasged
amplitude of the pitching motion that the improvement is
most marked; again, when encoihitering the head—on gust,
the improvement in the motion is even more marked than in
encountering the wvertical gusts.

9. The mathematical representation of the action of
the automatic pilot is far from conplete, Novertheless, 1t
should be a close apwroximation to actual conditions.

When the lag of the automatic pilot is taken into account,
with a magnitude greater than that likely to occur in
practice for an airplano of tho size considered ia this
report, there is a lesser improvement than when the "ideal!
gyrogcoplc stabilizing elcment ig introduced. The charace
tecr of the improvenont in notion remains substantially
the same and, providod that the designors of the auntomatic
rilot keep lag within close linits and prevent hunting
within the wunit itself, it is fair to think of the auto-
matic pilot as boing closc to tho action of tho "idoalt
gravitational gtabilizor.

10. The effect of delay of a .vertical gust 1ln reach-
ing the taill surfaco is shown 50 be relatively uninpor-
tant and not likely to affect the general conclusions.

11, There is ample room for further investigation of
the subject, which the tremendous potentialities of the
automatic pllot would fully Justify.

Daniel Guggenhein School of Aeronautics,
New York University,
New York, N.Y., June 1938.
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into account.
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N.A.C.A. Technical Note No. 6866 fig.22
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Figure 22.- Solution of equation (VIII-3) for Mg=0.
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Figure 23.- Complete motion in pitch of the Clariz biplane upon entering a vertical gust.
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